ONE-PARAMETER GENERALIZATIONS OF ROGERS-RAMANUJAN TYPE 

IDENTITIES 
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Abstract. Resorting to the recursions satisfied by the polynomials which converge to the right 
hand sides of the Rogers- Ramanuj an type identities given by Sills [17] and a determinant method 
presented in [9], we obtain many new one-parameter generalizations of the Rogers- Ramanujan type 
identities, such as a generalization of the analytic versions of the first and second Gollnitz-Gordon 
partition identities, and generalizations of the first, second, and third Rogers-Selberg identities. 



1. Introduction 

In [7] , by evaluating an integral involving g-Hermite polynomials in two different ways and equating 
the results, Garrett et al. found a generalization of the celebrated Rogers- Ramanuj an identities: 

q n ' 2+mn _ (-l) m g~(")£; m -2 (-l) m q-^D m ^2 , , 

^ (q;q)n (g,g 4 ;g 5 )oo (gW;<z 5 )oo ' 1 ' ' 

where the Schur polynomials D m and E m are defined by 

D m = D m -! + q m D m ^, D = 1, D 1 = l + q, 

E m — E rn -i + q rn E, n -2, E = 1, Ei = 1, 
and Schur [15] gave the limit 

Dnc, = - ; =r , Er, 



m 



(<7, 9 4 ; 9 5 )oo ' (<j 2 ,9 3 ;g 5 )oo' 

It is obvious that we can get the following two Rogers-Ramanujan identities by letting m = and 
= 1 in (|l.lj) . respectively. 

°° g™ 2 1 

yf^l = i . (L3) 

Later, Andrews et al. [3] provided an alternative proof of (|1.1[) by using the extended Engel expan- 
sion. In [9], Ismail et al. used the theory of associated orthogonal polynomials to explain determinants 
that Schur introduced in 1917, and showed that Equation (II. ip can be obtained from the Rogers- 
Ramanujan identities (II. 2|) and (1 1 . 3[) . Furthermore, Andrews et al. [4] discussed Al-Salam/Ismail and 
Santos polynomials in the context of identities of (jl.ip type. 

The main purpose of this paper is to apply the determinant method which was presented in [9] 
to generalize the Rogers-Ramanujan type identities. In [17], Sills mainly focused on a method which 
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was developed by Andrews [2, §9.2, p. 88] for discovering finite analogs of Rogers-Ramanujan type 
identities via q-diffcrcncc equations. In the paper, he presented at least one Unitization for each of the 
130 identities in Slater's list [18], along with recursions satisfied by the polynomials which converge to 
the right hand sides of the Rogers-Ramanujan type identities. Resorting to these recursions and the 
determinant method, we obtain many new parameterized generalizations of the Rogers-Ramanujan 
type identities, such as a generalization of the analytic versions of the first and second Gollnitz-Gordon 
partition identities, and generalizations of the first, second, and third Rogers-Selberg identities. In 
Section 2, we mainly discuss the three-term recursions. In Section 3, we focus on four-term recursions. 
Moreover, in [6,12], the authors also found some new Rogers-Ramanujan type identities which are the 
partners to those in Slater's list. By using the determinant method, we can give the initial conditions 
of the recursions for these new identities, and then find the generalizations of these identities. 

In [17], Sills gave an annotated and cross-referenced version of Slater's list of identities from [18] 
as an appendix. In this paper, we use this version of the list as the reference. 

As usual, we follow the notation and terminology in [8]. For \q\ < 1, the q-shiftcd factorial is 
defined by 

(a;<?)oc = ]J(1 - aq k ) and (a; q) n = - — '- °° , for n 6 C. 

k=o W ' q ' co 

For convenience, we shall adopt the following notation for multiple q-shifted factorials: 
(ai,a 2 , . . .,a m ;q) n = (a 1 ;q) n (a 2 ;q) n ■ ■ ■ (a m ;q) n , 
where n is an integer or infinity. 

In order to sketch the paper clearly, we list the main results in a table. 
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Identities in Slater's list and some new ones 


Generalizations 


Identity A. 8 (Gauss-Lebesgue [11]) 


Theorem O 


Identity A. 13 (Slater [18]) 




Identity A. 16 (Rogers [13]) 


Theorem [2^21 


Identity A.20 (Rogers [13]) 




Identity A.29 (Slater [18]) 


Theorem O 


Identity A.50 (Slater [18]) 


(1) (2) 


Identity A. 34 (Slater [18]): The analytic version of the second 
Gollnitz- Gordon partition identity. 


Theorem ET41 


Identity A. 36 (Slater [18]): The analytic version of the first 
Gollnitz-Gordon partition identity. 




Identity A.38 (Slater [18]) 


Theorem [23] 


Identity A.39 (Jackson [10]) 


(1) (2) 


Identity A.79 (Rogers [13]) 


Theorem OH] 


Identity A.96 (Rogers [13]) 


(1) (2) 


Identity A.94 (Rogers [13]) 


Theorem O 


Identity A.99 (Rogers [13]) 


(1) (2) 


Identity A.25 (Slater [18]) 


Theorem EU 


An identity (McLaughlin et al. [12, Eq. (2.7)1) 

J \ o L J 1 V / J / 




Tdontitv A ^1 (Rnp-pr^ M 41 and Splbpro 1 Mfili 

The third Rogers-Selberg identity 




Identity A.32 (Rogers [13] and Selberg [16]) 
The second Rogers-Selberg identity 


Theorem 13.11 
(1) (2) 


Identity A.33 (Rogers [13] and Selberg [16]) 
The first Rogers-Selberg identity 




Identity A.59 (Rogers [14]) 




Identity A.60 (Rogers [14]) 


Theorem [3T21 


Identity A.61 (Rogers [13]) 


(1) (2) 


Identity A.80 (Rogers [14]) 




Identity A.81 (Rogers [14]) 


Theorem 13.31 


Identity A.82 (Rogers [14]) 


(1) (2) 


Identity A.117 (Slater [18]) 




Identity A.118 (Slater [18]) 


Theorem [322 


Identity A.119 (Slater [18]) 


(1) (2) 


Identity A.21 (Slater [18]) 




An identity (McLaughlin et al. [12, Eq. (2.5)]) 


Theorem 13.51 


An identity (Bowman et al. [6, Thm. 2.7]) 


(1) (2) 



2. Generalizations of identities with three-term recursions 

In this section, we generalize the Rogers-Ramanujan type identities in Slater's list [18] by using the 
determinant method presented in [9]. Start with the three-term recursions of the polynomials which 
converge to the right hand sides of the identities in [17]. First, we construct a function F(z) which is 
expressed by an infinite determinant. By expanding the determinant and comparing the coefficients, 
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we get a summation expression of F(z). Then, we expand D n (z), a finite determinant of F(z), to 
get a recursion which has appeared in Sills' list [17, Sec. 3.2]. Assume that the polynomials P n and 
Q n satisfy this recursion with different initial conditions, then D n (z) can be expressed by a linear 
combination of these two polynomials. By means of the initial conditions of D n (z), we get the limit 
of D n (z) which is another expression of F(z). Finally, equating the two different expressions of F(z), 
we obtain a new generalization. 

In the following, for convenience, the recursions given by Sills [17] are directly presented below the 
identities in Slater's list. 

Theorem 2.1. We have 

(_ g;g)ng n(n + 2 m -l)/2 (?) (-g^oo . )m (») (g 4 ;g 4 )oo ,„ , , 

/ s — (,-1) <7 l2, Vm-n Y\ \ L ) 1 K2 'n- m -l— r — , (2.1) 



n=0 



where 

Qm = (1 + q m ~ l )Q m -l + q m ~ l Qm-2, Q-l = 1, Qo = 0, Qi = 1, 

Pm = (1 + )Pm-l + 9 m Pm-2) P-l = — 1, Po = 1) Rl = 1- 

Proof. The identities A. 8 and A. 13 in Slater's list are stated as follows. 
Identity A. 8 (Gauss-Lebesgue [11]): 

y (-q;q) n q n{n+1)/2 = (gWU (2 2) 

Sills [17] gave the following recursion for P n which converge to the right hand side of (|2.2[) . 

Pn - (1 + <f )P„-i + 9"P„-2, P-i =0, P = 1, Pi = 1 + q. (2.3) 

Identity A. 13 (Slater [18]): 



E 



(-«;?)„« n ( w - 1 )/ a (g 4 ;g 4 )oo , (-<z;g 2 )c 



(2.4) 



P, 



(1 



n=0 

I ^, '1 — 1 \ D I -,71— 1 



(9; 9)71 (9; 9)00 (g;<7 2 )oo 

/'„-! +y"-'Pn-2, /' 1 0. /!: 1. /', 2. (2.5) 
to let the two recursions coincide with each other. 

(2.6) 

Thus, P n in (|2.5[) and Q„ in (|2.6p satisfy the same recursion with different initial conditions, and 
converge to the right hand sides of (|2.4|) and (|2.2j) . respectively. In the following, we use P n in (|2.5|) 
and <5„ in (|2.6|) to prove this theorem. 



First, we need to shift the index n in 
Letting Q n = P n _i in (|2.3|) . we get 

Qn - (1 + <z n_1 )Q«-i + <z' l_1 Q„-2, Q-i = 1, Qo - 0, Q 1 = 1. 



Then consider the following determinant: 
F(z) := 



1 + z zq 
— 1 1 + zq zq 2 

— 1 1 + zq 2 zq 3 



Expanding the determinant with respect to the first column, we get 

F(z) = (1 + z)F(zq) + zqF(zq 2 ). 
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Setting 



F(z) = J2a n z n , 



by comparing coefficients, we have 

_ (1 + q n )q n - 
° n ~~ 1 - q n 
Since ao = F(0) = 1, iteration leads to 



n=0 



n , n— 1 i 2n— 1 

a n =qa n + q a n _i+<j a„_i, 



-a n -i 



{-q;q) n q n{n - 1)/2 

{q; q)n 



-ao- 



00 r «"(»-l)/ 2 



71=0 



and thus the left hand side of (|2.ip can be expressed by F{q m ). 
On the other hand, Fiz) is the limit of the finite determinant 



D n {z) 



1 + z zq 
— 1 1 + zq zq 2 
-1 1 + zq 2 



zq- J 



-1 1 + zq n - 2 zq 11 - 1 



-1 l + zq n -> 
Expanding this determinant with respect to the last row, we get 

D n (z) = (1 + zq^D^iz) + zq n - l D n ^{z), D (z) = 1, D^z) = l + z. 
Then we have 

D n - m (q m ) = (1 + g"- 1 )^-™-!^" 1 ) + 9"- 1 ^„- m - 2 (9 m ). (2.7) 
According to ()2.5|) . ()2.6|) . and (|2.T[) . we notice that the sequences (D n ^ m (q m )) n , (P n ) n , and (Q n }n 
satisfy the same recursion. Set 

Dn—rn(q ) A m -P n ~\~ ^mQn- 

We can determine the parameters A m and fi m using the initial conditions Do(q m ) = 1, Di(q m ) — 
1 + q m , and the recursions (|2.5p and (|2.6p , which leads to the evaluations 

Qm—l 



Am, — 



PmQm—X Pm—lQm 
Pm-1 



Pjn — lQrn PjnQm—l 

Indeed, we have 

PmQm-l - Pm-lQm = {~l) m q^\ 

which can be proved by induction on m. 

Therefore, we have simpler forms for A m and fi rn as follows: 

A m = (~l) m q-^Q m -i, Mm = -{-l) m q-^)P m -x. 

Notice that the above analysis has led to 

D n - m (q m ) = (-l) m q-^Q m -iP n - (-l) m q-^P m -lQn- 
Letting n — > oo, we have 

F(q m ) = (~l) m q-^Q m -lPoo - (-l) m q-^P m -lQoo, 
which is equivalent to the following identity 



E 

71 = 



(-q;q) n q 



n(n+2m-l)/2 



{q\q)r 



( _ irff -(«) _Z__|_k Qm _ 1 _ (_!)»,-(?) (ffii) 



{q\q 



(q;q)c 



-(Pm-l ~ Qm-l). 
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Finally, set R m -i = P m -\ — Qm-i- According to (|2.5[) and (|2.6p , we have 

R m = (1 + q rn 1 )R m -i + q m 1 R m -2, R-i = — 1, Ro = 1, Ri = 1. 
Therefore, we obtain (|2.ip as desired. 

Setting to = 1 and m = in (|2.ip . we get the identities (|2.2p and (|2.4p , respectively. 
Theorem 2.2. M^e /iGroe 

4 R 



00 ~n +2mn 

E 



+ 



n=0 



(g 4 ;? 4 )n (^WM-g 2 ;? 2 )^ (<zW;g 5 )oo(-g 2 ;g 2 ) 



where 



m — 2 j 



A„ = -<r'^A m _ 1+ A 
-E>m = — g 2m 3 _B m _i + B m _2, 



A = 1, Ai = 0, 
B = 0, Si = 1. 



□ 



(2.8) 



Proof. We state the identities A. 16 and A. 20 in Slater's list with the recursions given by Sills [17] as 
follows. 

Identity A.16 (Rogers [13]): 



E 



^ (<z 4 ;<z 4 )n (gW^M-gWW 

Pn = (1 - Q 2 + q 2n+1 )P n -i + q 2 Pn-2, P-i = 1, P = 1, = 1 + q 3 ■ 
Identity A.20 (Rogers [13]): 



(2.9) 
(2.10) 



E 



1 



P» = (1 - q 2 + q 2n - l )P n -i + q 2 P n -2, P-l = 1, P = 1, Pi = 1 + q. 
For the recursion (|2.10p . letting Q n — P n -i, we get 

Qn = (l-q 2 + q^^Qn-l + q 2 Qn-2, 0-1 = 1- q-\ Q Q = 1, Ql = 1. 



(2.11) 
(2.12) 

(2.13) 



Therefore, P n in (|2. 12[) and Q n in (|2. 13[) satisfy the same recursion with different initial conditions 
and converge to the right hand sides of (|2.1ip and (|2.9p . respectively. 



Consider the following determinant: 

1 — q 2 + zq 



F(z) :- 



-1 



1 — q 2 + zq 3 q 2 

— 1 1 — q 2 + zq 5 q 2 



Expanding the determinant with respect to the first column, we get 

F(z) = (l-q 2 + zq)F{zq 2 ) + q 2 F{zq i ). 

Setting 

oo 

F(z) = a n z n , 



we obtain, upon comparing coefficients, 



a n = q 2n a n 



n=0 



q a n + q a„_i + q a n , 



(1 - q 2n ){l + q 2n + 2 ) 



O.n-1 



q n (l + q 2 ) 



(q*;q*Ul + q 2 "+ 2 ) 



a . 
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In the following, we show some details for the calculation of clq. 
F(z) is the limit of the finite determinant 



D„{z) 



1 - q z + zq q A 

-1 l-q 2 + zq 3 q 2 

-1 l-q 2 + zq 5 

-1 



l-q 2 + zq 2n - 3 



l-q* + zq' 



Expanding this determinant with respect to the last row, we get 

D n {z) = (l-q 2 + zg 2n - 1 )D n _ 1 («) + q 2 D n _ 2 (z), D {z) = 1, D 1 {z) = 1 - q 2 + zq. 
Since ao = F(0) = lim D n (0), according to the recursion (|2.14[) . we have 

n — >oo 

D n (0) = (1 - q 2 )D n ^(0) + q 2 D n _ 2 (0), D„(0) = 1, £>i(0) = 1 - q 2 . 
Thus, we get the following recursion 

D n {0) - D n _i(0) = -q 2 (D n ^(0) - £> n _ a (0)) 



{-l) n q 2n . 



Then we have 



D n (0) ( ) + (-l)V" = 

Finally, letting n —* oo in D n (0), we get 

a = lim D n (0) 



1 + (^l) y»+2 
1 + q 2 ' 



1 + q 2 



Therefore, we have 



m = £ 



(2.14) 



(2.15) 



-(g 4 ;g 4 )„(l + g 2 "+ 2 ) ' 
and the left hand side of ([2~g]) can be expressed by F(q 2m ) + q 2 F(q 2m+2 ). 
Due to (|2.14|) . we have 

D n - m ( q 2m ) = (i-q 2 + 9 2n - 1 )A i - m -i(g 2m ) + g 2 A i - m - 2 (g 2m ). 

According to (|2.12j) . ()2.13|) . and (|2.15p . we notice that the sequences (D n ^ m (q 2m )) n , (P n ) n , and (Q n ) n 
satisfy the same recursion. Set 

D n _ m (q 2m ) = X m P n + fi m Q n . (2.16) 

We can determine the parameters A m and \i m using the initial conditions Do(q 2m ) = 1, D\(q 2rn ) — 
1 — q 2 + q 2m + 1 j and the recursions (|2 . 1 2[) and (|2.13p . which leads to the evaluations 

Qm-l 



A m — 



Pm Qm—1 Pm — 1 Qui 
Pm-l 



\m—l Jim — 1 



Pm — lQm Pm Qm—1 

Indeed, we have 

PjnQm—l Pm—lQm ( l) Q 

which can be proved by induction on m. Then we have simpler forms for A m and /x m as follows 

Mm = — ( — l) m_1 3 



A m - (-l) m - 1 9 1 - 2m Q m -i, Mm = -(-l)" 1 - 1 ? 1 " 2 ^-!. (2.17) 
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Now setting m — > m + 1 in (|2.16[) , we get 

Q 

Thus, we have 

00 n 2 +2mn 

= (A m + q A m -|_i)Poo + (/i 

oo • 

According to (|2.17|) . we get 

Kn + 3 A m +1 = ( — l)'™? 1 2m (Qm ~ Qm-l), 
Hm + q = (— I)™ 1 <? 1 2m {Pm — Pm—x)- 

Setting A m = (-l) Tn g 1 " 2m (Qm - Qm-l), due to (j2~T3)) . we have 

Am = xA m -i + yAm-2 

= xi-ir-V^iQm-l ~ Qm-l) + y(-l) m q 5 - 2m (Q m -2 - Qm- 3 ) 

= [(-l)"-^ - g 5 - 2m )x + (-l) m g 5 - 2m y]Q m - 2 + (-l) m - V" 2m (a: + J/)Qm- 

and 

A m - (-l)V _2m (Qm - Q m _i) 

= (-l) m (q 5 ~ 2m + q 2m ' 3 ~ q 2 )Q m - 2 + (-1)"V - g 5 - 2m )Q m _ 3 . 

Therefore, we get 

(-ijm-l^-Jm^ + y) = (-l) m (q 2 - g 5 - 2 " 1 ). 
Then 

x = — q 2m - 3 7 

y = i, 

which means that 

A m = -q 2m - 3 A m -x + A m - 2 , A = 1, A 1 = 0. 
Similarly, setting B m = (-l) m -y- 2m (P m - P m -i), we obtain 

= —q 2m 3 -B m -i + B ro -2) -So = 0, Si = 1. 
Thus the above analysis has led to (|2.8[) . 

Setting m = 1 and m = in (|2.8[) . we get the identities (|2.9p and (|2.11[) . respectively. 
Theorem 2.3. VFe ftaue 



(1) 

(q;q)nn+i (g;g 2 ) m -i (<?;?) 



°° I n- n 2 \ n n 2 +2mn n l~m( n 2 10 „12.„12\ 

E y—g^g )nq g (g ,g ,q ,g )oo „ 



n=0 

(9;<? 2 ) m ~i(9 2 ;<? 2 )oo 

where 

P m = (l + q + q^-^Pm-l + (q 2m - 2 - q)P m -2, P = 1, Pi = 1 + q, 
Q m = {l + q + q 2m - X )Q m -x + (q 2m - 2 - q)Q m -2, Qo = 0, Qi = 1. 
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(2) 



°° (-n-a 2 \ n n 2 +2mn (_ 2 _ 4 6 . 6\ / 2\ 



n=0 

where 



(g; q 2 ) m (q 2 ;q 2 )c 



(g 2 , g 10 , g 12 ; g 12 ) 

(q;q 2 ) m (q;q) x 



-S m , (2.19) 



An = (1 + g + (T^An-i + - g)A ro _ 2 , A = 1, A = 1, 

S m = (1 + q + q 2m - 2 )B m _ x + (q 2m - 2 - q)B m _ 2 , B = 0, B x = 2q. 

Proof. The identities A. 29 and A. 50 in Slater's list are stated as follows. 
Identity A.29 (Slater [18]): 

(-q;q 2 ) n q n2 _ {-q 2 , -<? 4 , q 6 ] q 6 )oo{-q] q 2 )oo 



E 



n=0 ^ 2 " 
P n = (l + q + q 2n - 1 )P n - 1 + (q 2n - 2 -q)P„-,- 

Identity A.50 (Slater [18]) 

OO 

E 



(q 2 ;q 2 ) 
P-i = — 



l-q 

{~q:,q 2 )nq n2+2n _ (q 2 , q 10 , q 12 ; q 12 ) c 



P = l, Pi = l + q. 



n=0 (<z;<zWi 

P n =(l+q + q 2n+1 )P n -l + (q 2n - q)P n -2, 



(q;q)oc 

P-! = 0, P = 1, Pi = l + q + q 3 . 



(2.20) 
(2.21) 

(2.22) 
(2.23) 



For the recursion (|2.23[) . letting Q n = P n -i, we get the recursion 

1 



Qn = (1 + q + q Zn - L )Qn-l + (q 2n - Z - q)Q n - 



Q- 



l-q 



Qo = 0, Qi = 1. (2.24) 



The polynomials P n in (|2.21|) and Q n in (|2.24jl satisfy the same recursion with different initial condi- 
tions, and converge to the right hand sides of (|2.20p and (|2.22p . respectively. 

Consider the following determinant: 

1 + q + zq zq 2 — q 



F(z) 



T 1 + q + zq zq — q 

— 1 1 + q + zq 5 zq 6 — q 



Expanding the determinant with respect to the first column, we get 

F(z) = (l + q+ zq)F(zq 2 ) + (zq 2 - q)F(zq 4 ). 

Setting 

OO 

we get, upon comparing coefficients, 



71=0 



a n = q 2n a n + q 2n+1 a n + q^a^ + g 4 ™- 2 <Z„-l - q in+1 a n , 
_ (1 + g 2»-l )g 2n-l ^ ^ (-q\q 2 ) n q n \l-q) 

(l-^a-^n+l) "-!--"- {q . q)2n+1 «0. 

Resorting to the same technique for clq in the proof of Theorem 12. 21 we have ao = t_^- Thus, we have 

We observe that the left hand sides of (|2.18[) and (|2.19p can be expressed by F(q 2m ) and F(q 2m ) — 
qF(q 2m+2 ), respectively. 
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On the other hand, F(z) is the limit of the finite determinant 



D n {z) := 



1 + q + zq zq — q 



-1 1+q + zq 3 zq i -q 



-1 1 + q + zq 5 zq 6 -q 



-1 l + q + zq 2n - 3 zq 2n - 2 -q 



-1 l + q + zq An -> 

Expanding this determinant with respect to the last row, we get 

D n (z) = (l + q + zq^-^D^z) + (zq 2n - 2 - q)D n _ 2 (z), 
D (z) = 1, Dx(z) = 1 + q + zq. 

Then we have 

D n - m (q 2m ) = (l + q + g 2 "- 1 )^-™-!^ 2 " 1 ) + (<Z 2 "~ 2 - q)D n - m - 2 (q 2m ). (2.25) 

According to (|2.2ip , (|2.24[) . and (|2.25p . we notice that the sequences {D n ^ m (q 2m )) n , (P n ) n , and (Q n )n 
satisfy the same recursion. Set 

We can determine the parameters A m and /i m using the initial conditions Do(q 2m ) = 1, Di(q 2m ) — 
1 + q + q 2m + 1 i and the recursions (|2.2ip and (|2.24|) , which leads to the evaluations 

Qm-l 



A m — 



Mr, 



PmQm—l Pm — lQm 
P-m-1 



Pm — lQm PmQm—l 

Notice that 

PmQm—l Prn—lQm Q (q>q )m— 1? 

which can be proved by induction on m. Then we have simpler forms for A m and /i m as follows: 



A m , — 



{q\q 2 ) m -i 

Therefore, we obtain Equation (|2.18[) . 
Meanwhile, we have 

{ '/■ <1 >i,<i 

n=0 



im-li 



Mr, 



q 



(q;q 2 ] 



m — 1 ■ 



m — 1 



(2.26) 



(q; qhn 



According to (|2.26|) , we get 

A m — ^Am+l 

Mm — <7Mm+l : 



F(q 2m ) - qF{q 2m+2 ) 

(A m ~~ q\n+l)Poo + (Mm — <7Mm+l)Qc 



1-m 



{q;q 2 )m 

„1— m 



{q\q 



[P m -(l-q 2m - l )P m ^] 



Setting A m = g*-»[Q m - (1 - q^-^Qm-i] and B m = g 1 "™^ - (1 - ^'"^Pm-i], we get 
Equation (|2. 19[) as desired. □ 

The identities (|2~20f and (|2~22)) are the special cases of (|2~19| and (|2~T8)) . respectively. 
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Theorem 2.4. We have 



11 



E 



/ n , ri 2\ rt n -\-2mn / i \m n m—m ("\ ( i \m ri m — rn" p 

v y? y My \ ^ y Vm-i l J-; y 



rn — 1 



(q,g 4 ,gr 7 ;g 8 ) 



(<zW,9 5 ;g 8 )c 



(2.27) 



where 



P m = (1 + g 2m " 1 )P ro _ 1 + q 2m - 2 P m _ 2 , 
Qm = (1 + q 2 " 1 )Qm-l + 9 2 " 1 2 Qm-2, 



P_i = 0, P = 1, Pi = 1 + 9, 
Q_i = l, Q = 0, Qi = l. 



Proof. We use the identities A. 34 and A. 36 in Slater's list to prove the theorem. 

Identity A. 34 (Slater [18]): The analytic version of the second Gollnitz-Gordon par- 
tition identity^ 



E 



(-q;q 2 ) n q n2+2n 



1 



Pn = (l 



(q 2 ;q 2 )n 
)P n _ 1 +q 2n P n . 2 , 



71=0 

_2n+l\ D | „2n 



P_! = 0, P = 1, Pi 



l + g d 



(2.28) 
(2.29) 



Identity A. 36 (Slater [18]): The analytic version of the first Gollnitz-Gordon partition 
identity. 



E 



(-g;g 2 )»g" = i 
{q 2 ;q 2 )n ~ (g,<7 4 ,<7 7 ;g 8 )oc' 



n=0 

P„ = (1 + q 2n - X )P n ^ + q 2n - 2 P n -2, P-l = 0, P = 1, P = 1 + q. 



For the recursion (|2.29p . letting Q n = P n -i, we get the recursion 



(1 



)Qn-l + q 2U ~ 2 Qn-2, Q-l = 1, Qo = 0, Qi = 1. 



(2.30) 
(2.31) 

(2.32) 



Therefore, P„ in ([2~3T|) and Q„ in ([2~32]) converge to the right hand sides of ([2730]) and (|2~28|) . 
respectively. In the following, they are used to prove this theorem. 



Consider the following determinant 
F(z) , 



1 + zq zq 
-1 1 + zq 3 zq 4 

-1 1 + zq 5 zq 6 



Expanding the determinant with respect to the first column, we get 

F(z) = (1 + zq)F(zq 2 ) + zq 2 F(zq i ). 

Setting 

oo 

P(z) = 5>„z", 

n=0 



we get, upon comparing coefficients, 

(1 + q 2n - 1 )q 2n - 1 



a n = q 2n a n + q 2n l a n - 1 + q 4n 2 a n _i, 



(-q;q 2 ) n q n 
(q 2 ;q 2 )n 



1-q 



2 n 



O-n-1 



-a . 



*There is a typo in the recursion of Identity A. 34 given by Sills [17]. In [4], Andrews et al. pointed out this recursion 
by considering a special case of the Al-Salam/Ismail polynomials [1]. 



J. 2 



Since ao — 1, iteration leads to 
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°° ( rr n 2 \ n™ 2 

F{z) = j2 ™h q z- 



(q 2 ;q 2 



and thus the left hand side of (|2 . 27[) can be expressed by F(q 2m ). 
On the other hand, F(z) is the limit of the finite determinant 



D n {z) := 



1 + zq zq 
-1 1 + zq 3 zq 4 

-1 1 + zq 5 



zq 



-1 1 + zq 2 "- 3 zq 2n - 2 



-1 1 + zq 2 "-' 

Expanding this determinant with respect to the last row, we get 

D n (z) = (1 + zq 2 "- 1 )£>„-! (z) + zq 2n - 2 D n _ 2 (z), D (z) = 1, D 1 {z) = 1 + zq. 
Then we have 

D n - m {q 2m ) = (1 + q^-^Dn-^q 2 ™) + q 2n ~ 2 D n - m ^ 2 (q 2m ). 

Therefore, we set 

Dn—m(,Q ) — A m P n ~t~ f-^mQn- 

Using the initial conditions D (q 2m ) = 1 and D\(q 2m ) = 1 + q 2m+1 ; we get 

Qm—l 



An 



Mr, 



PmQm—l Pm — lQm 
Pm-1 



„m —m 



Indeed, we have 

PrnQm—l Pra—lQra ( 1) Q 

which can be proved by induction on m. Then we have simpler forms for A m and fi m as follows: 

A m — {— 1) q y m -l, Mm — — ( — 1) 9 %-t 

Equation (|2.27p is proved. 

The identities (|2T2"g)) and ([230)) are the special cases of Equation (|2.27p . 
Theorem 2.5. We have 



□ 



(1) 



- ^+2mn _ q l-m {q3 q B >qS . qS)oo{q 2 >q U. q 16 )c 



E 



2n+l 



(g;g 2 ) m _i(g;g) c 



. p 

1 l 



rn — 1 



g 1 - m (g, 9 7 ,g 8 ;g 8 ) oo (g 6 , g 10 ;Q 16 ) c 



(q;q 2 ) m _ 1 (q;q) c 



-Q 



m — 1 5 



(2.33) 



where 



2n A +2mn 



(2) 

OO 

y 

inhere 



P m = (1 + ?)P m _x + (g 2m ~ 2 - g)P m _ 2 , Po - 1, Pi = 1, 
Q m = (i + g)Qm-i + (q 2m ~ 2 - q)Q m -2, Qo = o, Qi = 1. 

= ( g ,g 7 , g 8 ; g 8 ) oo (g 6 , g 10 ;g 16 ) oo lm _ (g 3 , g 5 , g 8 ; g 8 )^^ 2 , g 14 ; g 16 ) c 
A m = (1 + + (9 2m_2 - ?)-A»n-2, 



(q;q 2 ) m (q;q)oo 
A Q = i, Ai = l, 



-B„ 



(2.34) 
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Jm-2 



B m = (1 + q)B m ^ + (q zm - z - q)B 



m-2, 



B = 0, Bx = q. 



Proof. We use the following identities A. 38 and A. 39 in Slater's list to prove the theorem. 
Identity A.38 (Slater [18]): 



°° rl 2n 2 +2n 



^ (<7;?Wi 



( g 3 , g 5 ,g 8 ; g 8 )oo(gW 4 ;g 16 ) 

(q;q)oo 



P n = (1 + q)P n - X + (q 2n - q)P n - 2 , P-i = 0, P = 1, Pi = 1 + q. 
Identity A. 39 (Jackson [10]): 
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(2.35) 
(2.36) 



E 



n ^(<?;<7)2„ 



P n = (1 + q)P n -x + (q 



2n-2 



(q,q 7 ,q S ;q 8 )oo(q 6 ,q 10 ;q 16 ) 

(q;q)oo 



q)P n -2, P-l = -j^—, Po = i, Pi = 1- 
i - q 



For the recursion (|2.36p . letting Q n = P n -i, we get the recursion 
Qn = (l + q)Qn-l + (q 2n -' 2 -q)Qn-2, 0-1 



i-q 



, Q o = 0, Qi = 1. 



(2.37) 
(2.38) 

(2.39) 



Therefore, P n in (|2.38[) and Q n in (|2.39[) satisfy the same recursion with different initial conditions, 
and converge to the right hand sides of (|2.37|) and (|2.35[) . respectively. 

Consider the following determinant: 



F(z) 



1 + q zq 2 - q 
— 1 1 + 9 zq 4 — q 

— 1 1 + 5 zq 6 — q 



Expanding the determinant with respect to the first column, we get 

F(z) - (1 + q)F{zq 2 ) + {zq 2 - q)F{zq 4 ). 

Setting 

oo 



n=0 



we get, upon comparing coefficients, 



2n | 2n+l . 4n-2 An+l 

a n = q a n +q a n + q a„-i-q a r , 



„4n-2 



(1 - q 2n ){l - q 2n + l ) 
Since clq = jz^, iteration leads to 

oo 

- E 



Ctn-1 



q 2n (1-g) 

(?;<?)2ri+l 



-oo- 



{q\q)2n 



+i 



and thus the left hand sides of (|2~3^|) and (|2"lHj) can be expressed by P(g 2m ) and F(q 2m )-qF(q 2m+2 ), 
respectively. 
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On the other hand, F(z) is the limit of the finite determinant 



D n {z) := 



l + q zq 2 - q 



l + q zq — q 
-1 l + q zq 6 -q 



1 + q zq 2n ~ 2 - q 



-1 l + q 

Expanding this determinant with respect to the last row, we get 

D n {z) = (1 + q)D n -x{z) + (zq 2n - 2 - q)D n _ 2 (z), D (z) = 1, Dt{z) = 1 + q. 
Then we have 

D n - m (q 2m ) = (1 + q)D n - m _ l {q 2m ) + {q 2n ~ 2 - q)D n _ m _ 2 (q 2m ). 

Therefore, we set 

-Dn—m(q ) — A m Pn ~t~ l^mQn- 

We can determine the parameters A m and \x m using the initial conditions Do(q 2m ) = 1, Di(q 2m ) 
l + q, and the recursions (|2.38p and (|2.39p , which leads to the evaluations 

Qm-l 



Mr, 



Pfn Qm-l Pin — 1 Qrn 

P m -i 



We get 

PmQm—1 P'rn—lQm — q Q )m— 1> 

which can be proved by induction on m. Then we have 



Am — 



q 



(q; q 2 ) m -i 
Therefore, Equation (|2.33|) is proved. 
Furthermore, we have 

2n 2 +2mn 



Q 



rn — li 



q 



(q;q 2 ) 



-Pm-1- 



m — 1 



(2.40) 



E 

n=0 



(<?; qh 



According to (|2.40[) . we get 

A m — <zA m+ i 



F{q 2m ) - qF{q 2m+2 ) 

(A m — gA m _)_i )Poo + (/« )Q c 



1-rn 



(<7;<7 



1-m 

[Pm-Cl-^-^Pm-!]. 



(<7;<? 



Setting A m = ^-'"[Qm - (1 - r-^Qm-i] and B m = q l - m [P m - (1 - g 3 " 1 " 1 )?^!], we obtain 



Equation (|2~M|) . 

The identities (|2 . 35[1 and (]2 .37[) are the special cases of ()2 .33[) and (|2.34[) . respectively. 
Theorem 2.6. We have 

(1) 



□ 



~ „n*+2mn g l-m( g 4 j ^ q 10. q 10 )oo (^18. g20)c 



E 



(9;?) 



2n+l 



--t m-1 
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,1— mf„8 „12 „20.„20\ I „. „2\ 



g 1 - m (g 8 ,g 12 ,g a0 ;g 20 ) O c(-g;g a )c 
(g 2 ;g 2 )oo 



'Qm — 1 ) 
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(2.41) 



where 



P m = (1 + g + q^-^Pm-i - qP m -2, P-x = 1, Pa = 1, Pi = 1 + g, 
Q m = (l + g + g 2m - 1 )g TO _i-gQ ro _2, Q-i = -g~\ Oo = 0, Qi = l. 



(2) 

« g ^ +2mn = (g 8 ,g 12 ,g 20 ;g 20 ) oo (-g;g 2 ) tXj A 



(g;g)2n 

where 



(g 2 ;g 2 )c 



(g 4 ,g 6 ,g 10 ;g 10 )oo(g 2 ,g 18 ;g 20 ) 
(g;g)oo 



-P n 



(2.42) 



-4m = (1 + g + g 2m 2 )A»-i - qA m -2, A = 1, Ai = 1, 
P m = (1 + g + g 2m " 2 )S m -i - gS m - 2 , So = 0, B x = g. 



Proof. The identities A. 79 and A. 96 are stated as follows. 
Identity A.79 (Rogers [13]): 

g» 2 (g 8 ,g 12 ,g 20 ;g 20 ) co (-g;g 2 ) c 



E 



^(g;g)2n (g 2 ;g 2 )oo 

P„ = (1 + g + g 2 "- 1 )^-! - gP n _ 2 , P-l = 1, P = 1, Pi = 1 + q- 
Identity A.96 (Rogers [13]): 



00 n n 2 +2n l r A 6 „10. „XQ\ I n 2 „18.„20\ 

E g _ W jg jg )g JooVg , g , g Jc 



(9; 9) 



2n+l 



(g;g)c 



(2.43) 
(2.44) 

(2.45) 



P„ = (l + g + g 2n+1 )P n _! -gP„_ 2 , P-i =0, P = 1, Pj = 1+g + g 3 . (2.46) 
For the recursion (|2.46|) . letting Q n = P n -i, we get the recursion 

Q n = (1 + g + g^-^Qn-i - gQ„- 2) O-i = -g _1 , Oo = 0, Qi = 1. (2.47) 

The polynomials P n in (|2.44|) and Q„ in (I2.47P satisfy the same recursion with different initial condi- 
tions, and converge to the right hand sides of (|2.43|) and (|2.45l) . respectively. 

Consider the following determinant: 



F(z) := 



1 + g + zq -q 
-1 1 + g + zg 3 

-1 



1 + g + zq 5 -g 



Expanding the determinant with respect to the first column, we get 

F{z) = (1 + g + zq)F(zq 2 ) - qF(zq 4 ). 

Setting 

oo 

P(z) = ^a„z n , 



n=0 



we get, upon comparing coefficients, 



O-n ~ q a n + q a n + q O-n-l ~ g a r< 



,2n.-l 



(l-g 2n )(l-g 2 ™+ 1 ) 



_ g" (1 ~ g) 
fln-1 — • • • — do- 



2n+l 
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Since clq = j-— , we have 



n*) = E 



and thus the left hand sides of (j2~4Tj) and (j2~42)) can be expressed by F(q 2m ) and F(q 2m ) - qF(q 2m+2 ), 
respectively. 

On the other hand, F{z) is the limit of the finite determinant 



D n {z) := 



1 + q + zq 



l+q + zq s 
-1 



1 + q + zq a 



-1 



1 + q + zq z 
-1 



l + q + zq™- 

Expanding this determinant with respect to the last row, we get 

D n {z) = {l + q + zq 2n - x )D n ^(z) - qD n _ 2 (z), D {z) - 1, D x {z) = 1 + q + zq. 
Then we have 

D n - m (q 2m ) = (1 + q + q^-^D^^q 2 ™) - qD n _ m _ 2 (q 2m ). 

Therefore, we set 

Dn—m(q ) — ^m.F n -\- l^rnQn- 

According to the initial conditions -Do(<? 2m ) = 1 and Di(q 2m ) = 1 + q + q 2m + 1 j W e have 

Qm-l 



A,, 



Mr, 



PmQrn—1 Fm—lQm 
P-m-1 



Fm — lQm FmQm—1 

Indeed, we have 

^mQm-l Pm — lQm Q : 

which can be proved by induction on m. Then we have 

A m — —q Vrn-li Mm — <Z "m—\- 

Therefore, we obtain Equation (|2.41[) . 
Furthermore, we have 

+2mn 



(2.48) 



OO „2_ 

q 



E 



(q; qhn 



= F(q Zm ) - qF{q 2m+z ) 



— (Kn — qKn+l)Poo + (Mm — <7Mm+l)Qoo- 

According to (|2.48|) , we get 

Kn — q^m+l = q 1 m (Qm ~ Qm-l), 
fJ'm ~ <7Mm+l = — q 1 m {Pm ~ Pm-l)- 

Setting Am = q 1 ~ m {Q m - Qm-l) and B m = q 1 ^ m (P m - P m -i), we obtain Equation (|2.42|) . □ 
The identities (|2.43[) and (|2.45|) are the special cases of (|2.42[) and (I2.41[) . respectively. 
Theorem 2.7. We have 
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(1) 

x> g „* + (2 m+ l)n - m(9 3 )g 7 )g 10. 9 10 )oo(g 4 )9 16. g 20 )c 



E 

n=0 



(9; 9)2^+1 (q;q)c 



q - m (g, g 9 , g 10 ; g 10 )oo(g 8 , g 12 ;g 20 )oc D 

7 s (2.49) 

w/iere 

Pm - (1 + q + q 2m )P m -i - qP m -2, P-i = 0, P = 1, Pi = 1 + q + q 2 , 
Q m = (l + q + q 2m )Qm-i - qQ m -2, Q-i = 1, Qo = 1, Qi = 1 + </ 2 . 

(2) 

^ g n' + (2 m+ l)n _ (g)g 9 ig 10 ;g 10 )oo(g 8 ig 12. g 20 )oo (g 3 ^ g 10 g 10 ^ (g 4 g 16 g 20 ^ 
> / \ — 7 \ A m 7 \ a m-, (/-OUJ 

,T^o q > 2n (<7;<?)oo {q;q)oo 

where 

An = (1 + q + g 2m_1 )A„_i - qA m - 2 , Aq = \, A 1 = l + q, 
B m = (l + q + q 2m - Y )B m - X - qB m - 2 , B = 0, B 1 = g. 

Proof. We state the identities A. 94 and A. 99 in Slater's list as follows. 
Identity A.94 (Rogers [13]): 

°° n 2 +n (3 7 10 10) I i 16 20\ 

__q yj_jq_jq_ ,q ho\q_j_q >ji ho in m % 

J^faflWi {q;q)oo 

P n = {l + q + q 2n )P n _ 1 -qP n _ 2 , P_ x = 0, P = 1, Pi = 1 + q + q 2 . (2.52) 
Identity A.99 (Rogers [13]): 

00 „n 2 +n („ _9 „10.„10\ ( n 8 „12. _20\ 

q_ (q, q , q ,q )oo(q , q ,q Jqq /„ ^ 

^{q-^hn (q;q)oc 

Qn = (l + q + q 2n )Qn-i - qQn-2, Q-i = 1, Oo = 1, Qi = 1 + <Z 2 . (2.54) 

Consider the following determinant: 

1 + q + zq 2 —q 



F(z) := 



-1 l + q + zq 4 -q 

-1 l + g + zg 6 -q 



Expanding the determinant with respect to the first column, we get 

F(z) = (1 + q + zq 2 )F{zq 2 ) - qF{zq A ). 

Setting 

00 

F(z) = ^a„z", 

we get, upon comparing coefficients, 

a n = q a n + q a n + q a n -i — q o„, 

g 2n _g" 2 +"(l- g ) 

-8n-l — ' ' ' — — 7 s Of)- 



(1 - g2n)(i _ g 2n+i) (g; ?) 2 „+i 



IS 
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Since clq = j-— , we have 



n*) - E 



q 



n -\-n 



and thus the left hand sides of (^49]l and (f2~50]l can be expressed by F{q 2m ) and F(q 2m ) - qF(q 2m+2 ), 
respectively. 

On the other hand, F{z) is the limit of the finite determinant 

1 + q + zq 2 -q 

-1 1 + q + zq 4 -q 

-1 1 + q + zq 6 -q 



D n (z) := 



-1 



1+q + zq 2 
-1 



1 + q + zq^ 



Expanding this determinant with respect to the last row, we get 



D n (z) = (l + q + zq 2n )D n ^{z) - qD n ^ 2 (z), D {z) = 1, D x {z) = 1 + q + zq 2 



Then we have 
Set 



D n - m (q 2m ) = (1 + q + <Z 2 ")A>- m -i(g 2m ) - qD n _ m _ 2 (q 2m ). 



P^n—m {(J ) — \ rn P n -\- fJ-mQn- 

Using the initial conditions D (q 2m ) = 1 and Di(q 2m ) = 1 + Q + g 2m + 2 , we get 

Q m — 1 



Mm 



Pjn Qm—1 Prn — 1 Qrn 
Pm-1 



Prn — lQrn Pin Qm—1 

Indeed, we have 

PmQm — l Pm—lQtn — Q i 

which can be proved by induction on m. Then we have simpler forms for A m and fi m as follows: 



An 



q "Qm-l, 



-q- m P m -l. 



(2.55) 



Therefore, we obtain Equation (|2.49[) . 
Furthermore, we have 



"° qn 2 +(2m+l)n 



E 

n=0 



(q;q)2n 



F(q 2m ) - qF(q 2m+2 ) 

(A m — <?A m+1 )P 00 + (/i m — qHm+l)Qc 



According to (|2.55|) . we get 

A m — qKn + l = —q m (Qm — Qm-l), 
Hm — qfJ-m+1 = q m {Prn — Prn-X)- 

Setting A m = q~ m (P m - P m -i) and B m = q~ m {Q m - Q m -i), we get Equation (|2.50|) . 
The identities (|2.51[) and (|2.53|) are the special cases of (|2.49p and (|2.50[) . respectively. 
Theorem 2.8. We have 

y (-g;g 2 )ng" 2+2mn _ (g 6 ;g 6 )oo 

^ (q*;q A )n (-9W)m-l(^V)cx,(9W,V 2 )c 

(q 3 ,q 3 ,q 6 ;q 6 )oo(-q;q% 



□ 



-An 



{-q 2 ;q 2 ) m -i(q 2 ;q 2 ) 



-Br, 



(2.56) 
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If) 



whe 



A, 



-q 2m - 3 A m ^ + (1 + q 2m - 4 )A m _ 2 , A Q = 0, A 1 = 1, 



B m — -q 2m 3 -B m _i + (1 + q 2m 4 )-B m -2, B — — -, fix — 0. 

Proof. The identity A. 25 in Slater's list is stated as follows: 
Identity A.25 (Slater [18]): 



E 

n=0 



{-T,q 2 )nq n (q 3 ,q 3 ,q 6 ;q 6 )oc(-q;q 2 ) 



(q 4 ;q 4 )n 



Sills [17] gave the following recursion for (|2.57|) 

P n = {l-q 2 + q 2n - 1 )Pn-l^ [<r- <1 



2 i „2n-2\ n 



(g 2 ;? 2 ) 



(2.57) 



P = l, Pi = 1 + 9. (2. 



Recently, McLaughlin et al. [12] found a partner to Equation (|2.57|) . 
An identity (McLaughlin et al. [12, Eq. (2.7)]): 



E 



{-q;q ) n q 



2\ n n s +2n 



(q 6 ;q 6 ' 



n=0 



(q 4 ;q 4 )n (q 4 ;q 4 U(q 3 ,q 9 ;q 12 W 
For this identity, we also have 

Qn = {l-q 2 + q 2n ~ l )Q n -l + (q 2 + q 2n - 2 )Qn-: 



(2.59) 



(2.60) 



where P n and Q n converge to the right hand sides of (|2.57[) and (|2.59p . respecitively. The initial 
conditions for Q n is given in the following analysis. 



Consider the following determinant 
F(z) : 



1 — q 2 + zq q 2 + zq 2 

— 1 1 — q 2 + zq 3 q 2 + zq 4 

— 1 1 — q 2 + zq 5 q 2 + zq 6 



Expanding the determinant with respect to the first column, we get 

F(z) = (1 - q 2 + zq)F{zq 2 ) + (q 2 + zq 2 )F(zq 4 ). 

Setting 



F(z) = ^>„z", 

n=0 



we get, upon comparing coefficients, 



2n 2n+2 . 2n— 1 , An+2 . 4n-2 

a n = q a n -q ^ a n + q a„_i + q ^ a n + q a n _i, 

( 1+9 2„-l) g 2«-l ^ (_ g;g 2) n9 n 2 ( 1+g 2) 
a " — ~ — i ^ a «-l — ' ' ' — — as Tt , a 0- 



n (i-q 2 »)(i + g 2n+2 ) 

Since oq — 1 4 3 , iteration leads to 



(g 4 ; g 4 )„(l + (7 2 «+ 2 ) 



^ (9 4 ;9 4 )n(l + 9 2 "+ 2 ) ' 
and thus the left hand side of (|2.56[) can be expressed by F(q 2m ) + q 2 F(q 2m+2 ) 
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On the other hand, F(z) is the limit of the finite determinant 

1 — q 2 + zq q 2 + zq 2 

-1 l-q 2 + zq a q 2 + zq i 



DJz) := 



-1 l-q 2 + zq 5 q 2 + zq 6 



-1 l-q 2 + zq 2n - ,i q 2 + zq 2 "- 2 

-1 l-q 2 + zq 2n - 1 

Expanding this determinant with respect to the last row, we get 

D n {z) = (l-q 2 + zq^D^z) + (q 2 + zq 2n - 2 )D n _ 2 {z), 
D (z) = 1, Dx(z) = l-q 2 + zq. 

Then we have 

D n - m (q 2m ) = (l-q 2 + q^D^^q 2 " 1 ) + (q 2 + q 2n - 2 )D n ^ 2 (q 2m ). 
Noticing that Qoo is F(q 2 ) + q 2 F(q 4 ), we have 

Q n = D n ^{q 2 ) + q 2 D n _ 2 {q i ). 
then we get the initial conditions for Q n : Qq = 1/2 and Q\ = 1. 

Since the sequences (D n _ m (q 2m )) n , (P n )n, and (Q n ) n satisfy the same recursion, we set 

Dn—m(,q ) — ^mPn ~t~ f^mQn- 

According to the initial conditions D Q (q 2m ) = 1 and Di(q 2m ) = 1 - q 2 + q 2m+1 , we have 

Qm — l 



An 



PmQm—1 Pjn — lQm 
P-m-1 



Pm — lQm PmQm—1 

Indeed, we have 

PmQm-l - Prn-lQrn = ( — 1) " l g 2 " l ~ 2 (1 - (?) (~q 2 ; q 2 ) m -2, 

which can be proved by induction on m. 

Therefore, we have simpler forms for A m and fi rn as follows: 

(_l)m g 2-2m ^ (_ 1 )m g 2-2m 

(1 - ?)(-9 2 ; 9 2 )m-2 (1 - q){-q 2 \q 2 ) m -2 

Moreover, we observe that 

00 (_„. n 2\ „n ! +2mn 

E ( U ^ — = F ^ + i 2 n<i 2m+2 ) 

„_ n (Q ,q )n 



)Q 



According to (|2.6ip . we get 



A m + q A m+ i = — — — - — [Qm — (1 + 9 2 " 1 2 )Qm-l], 



(l-g)(-<Z 2 ;g 2 )™- 



/ 1 \m n 2 — 2m 

,i m + q 2 [i m+1 = V \ [P m - (1 + q 2m - 2 )P rn ^]. 

(1 - <?)(-<? SO 1 )m-l 

Setting 

A m = {-l) m q 2 - 2m [P m - (1 + ^"-^^/(l - g), 
B m = {-l) m q 2 - 2m [Q m - (1 + <z 2m - 2 )Q m _ 1 ]/(l - g), 

we get Equation (|2.56|) . 

The identities (|2 . 5T[) and (]2 . 59[) are the special cases of (|2.56j) , respectively. 



one-parameter generalizations of rogers-ramanujan type identities 
3. Generalizations of identities with four-term recursions 
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In this section, we apply the determinant method to the Rogers- Ramanuj an type identities with 
the four-term recursions of the polynomials which converge to the right hand sides of the identities 
in [17]. Moreover, we generalize some new identities in recent papers [6,12]. During the calculation, 
some properties of determinants are used to simplify the identities. 

Three identities are used to prove each theorem. For convenience, we give the same recursions for 
the polynomials P n , Q n , and R n by shifting the index of the recursions given by Sills in [17], like the 
way we have done in the previous section, where P n , Q n , and R n converge to the right hand sides of 
the identities in Slater's list . 

Theorem 3.1. We have 
(1) 

£r' (q 2 ;q 2 )n(-q;q)2n+i (q 2 ;q 2 )oc m (<? 2 ;<? 2 )oo 

q- m (q 3 ,q\q 7 ;q 7 )oo 

+ Cro ' (3 ' 1} 

where 

A m = -(1 + ? 2ro_4 )A m _i + q 2 A m _ 2 + q 2 A m _ 3 , A Q = -q, A 1 = q, A 2 = -q, 
B m = -(1 + q 2m -^)B m -x + q 2 B m _ 2 + q 2 B m -^ B = 0, B x = 0, B 2 = q, 
C m = -(1 + q 2m -^)C m -i + q 2 C m -2 + q 2 C m „ 3 , C = 1, & = 0, C 2 = 0. 

(2) 

^ g 2 " 2+2m " _ (q^UWU j, (g 2 ,g 5 ,g 7 ;g 7 )oc F , {q\q\q 7 ;q 7 U r , ,„ 
^{q^U-q;qh n - (<zW)oc + (?W)oc ^ + ( 9 W)oo ^ ^ } 

where 

E m = -(q + q 2m - 3 )E m ^ + E m _ 2 + qE m - S , E = 0, E x = 0, E 2 = q, 

F m = -(q + g 2 ™- 3 )^™-! + F m - 2 + qF m _ s , F = 0, Fi = 1, F 2 = -q, 

Gm = —(q + q 2m 3 )G r „_i + G m _ 2 + qG m - 3 , G = 1, G\ = 0, G 2 = 1. 

Proof. The identities A. 31, A. 32, and A. 33 in Slater's list are stated as follows. 

Identity A. 31 (Rogers [14] and Selberg [16]): The third Rogers-Selberg identity. 

~ g 2n'+2n = {± q ^ g 7. ^ 

^ (q 2 ;q 2 U-q;qhn+i (?W)oc ' K ' } 

P n = (l-q- q 2 )P n -l + (q 2n - q 3 + q 2 + q)P n -2 + q 3 P n -3, 

P Q = 1, Pi = 1-9, P 2 = l-q + q 2 + q 4 . (3.4) 

Identity A. 32 (Rogers [13] and Selberg [16]): The second Rogers-Selberg identity. 

g 2 " 2+2 " = (q 2 ,q 5 ,q 7 ;q 7 )oo 

2^ {q 2. q 2 )n{ _ q . qhn {q 2. q 2 )c . > 



n=0 



Qn = (l-q- q Z )Qn-l + {q Zn - q 3 + <f + q)Qn-2 + q 3 Qn 



-3, 



Qo = 1, Qi = 1, Q 2 = l + q- (3.6) 
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Identity A. 33 (Rogers [13] and Selberg [16]): The first Rogers-Selberg identity. 



E 



q 



2)1- 



(q 3 ,q 4 ,q 7 ;q 7 ) 

■,2. rl 2\ 



^ (q 2 ;q 2 )n(-q;q)2n (q 2 ;q 2 )c 



(3.7) 



Rn = (1 - Q - q 2 )Rn-l + (q 2n - q 3 + q 2 + q)Rn-2 + q 3 Rn-3, 

R = 1, Ri = l + q 2 , R 2 = l + q 2 -q 3 - (3.8) 
The polynomials P n , Q n , and R n converge to the right hand sides of (|3.3p . (|3.5[) . and (|3.7p , respectively. 
Consider the following determinant: 



F(z) 



1-q-q 2 zq 2 - q 3 + q 2 + q 



l-q-q 2 zq 4 - - q 3 + q 2 + q 

-1 l-q-q 



6 3,2, 3 
zq -q +q +q q 



Expanding the determinant with respect to the first column, we get 

F(z) = (l-q- q 2 )F{zq 2 ) + {zq 2 - q 3 + q 2 + q)F(zq 4 ) + q 3 F{zq 6 ). 

Setting 

oo 

F(z) = a n z n , 



n=Q 



we get, upon comparing coefficients, 



a n — q a n — q a n — q a n + q a n -\ — q a n + q a n + q a n + q a n , 



.,4m -2 



(1 -q 2n ){\ + q 2n + 1 )(l + q 2n + 2 ) 



g 2 " (l + q )(l + q 2 ) 

{q 2 ;q 2 )n{-q;q) 2n +2 



Of)- 



Since ciq = 



we have 



F ^ ^ (q 2 ;q 2 )n{-q;q)2n+2 



Thus we get 



v rl 2n A +2mn 

y q - 

^ (q 2 ;q 2 )n(-q;qhn+i 



= F(q 2m ) +q 2 F(q 2m+2 ) 



v q2n 2 +2mn 



E 



(q 2 ;q 2 )n(-q- 1 q) 2n 



= F(q zm ) + (q + q')F{q Zm+z ) + q i F{q Zm +' i ). 



(3.9) 
(3.10) 



On the other hand, F{z) is the limit of the finite determinant 



D n {z) 



l-q-q 2 zq 2 — q 3 + q 2 +q 
-1 



l-q-q 2 zq 4 - q 3 + q 2 + q 



-1 



1 — q — q 2 zq 2n 2 — q 3 + q 2 + q 



-1 l-q-q 2 

Expanding this determinant with respect to the last row, we get 

D n (z) = (l-q- q 2 )D n ^{z) + (zq 2n - 2 - q 3 + q 2 + q)D n _ 2 (z) + q 3 D n _ 3 {z), 
D {z) = 1, D 1 {z) = l-q-q 2 , D 2 (z) = l-q + q 3 + q i + zq 2 . 

Then we have 

D n - m +l{q 2m ) = (l-q- q 2 )D n ^ m (q 2m ) + (q 2n - q 3 + q 2 + q)D n ^ 1 (q 2m ) + q 3 D n ^ 2 (q 2m ). 
Since (D n _ m+ i(g 2m )) n , (P n )ni {Qn)m an d (R n )n satisfy the same recursion, we set 
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2m 



2:S 



Using the initial conditions Do(q 
we have 



1, D^q 2 " 1 ) = l-q-q 2 , and D 2 {q 2m ) = 1 -q + q A + q 4 + q 2m+2 , 







1 Qm— 1 


Rm — 1 




1 - q - q 2 Q m 






1-9 + 


q + q + q Wm+l 


Rm+1 






Pm—1 Qm — 1 Rm — 1 








Pm Qm Pm 








Pm+1 Qm+1 Rm+1 








1 


Rm-1 




p 


1 — q — q 2 


Rm 




Pm+1 


1 - q + q 3 + q 4 + q 2m+2 


Rm+1 






Pm—l Qm — 1 Pm — 1 








Pm Qm Pm 








Pm+1 Qm+1 Rm+1 






Pm—1 


Qm-1 1 






P 

1 m 


Qm l - q - q 2 




Pm+1 


Qm+i l - q + q 3 + q 4 - 


_ q2m+2 






Pm—1 Qm—1 Pm — 1 








Pm Qm Pm 








Pm+1 Qm+1 Rm+1 





Indeed, we have 



Pm-l 

p 

± m 
Pm+1 



Q 



m+l 



Rm-1 

Rm 
Rm+1 



-q 



3m+2 



The proof of (|3 . 1 1 [) is by induction on m. The case m = is trivial. 



(3.11) 



Po Qo Rq 
Pi Qi Ri 

P2 Q 2 R2 



The recursions (|3.4|) , (|3.6p . (|3.8p . and some properties of determinants are used in the following 
induction step. 



R m 

Pm + 1 Qm + 1 Rm + 1 
Pm+1 Q +2 R 
P 

1 m 
Pm + 1 

(l-q-q 2 )Pm+l (1 
P 

1 m 



Qr, 



^im + 1 

q - q 2 )Q m +l 



Rm 

Rm+1 

„2\ 



Pm+1 
2m+4 _ „3 i „2 



(1 - q - q 2 )R m +l 

Q rn 
Qm + 1 

q 3 + q 2 + q)Pm (q 2m+4 - q" + q 2 + q)Qm (q 2m+4 



Rm 

Rm + 1 
„3 i „2 



+ q 2 + q)R„ 





p 

i m 


Qm Rm 


+ 


Pm + 1 


Qm+1 Rm+1 




q A Pm-l 


q 3 Qm-i q 3 'Rm-1 




Pm-l 


3m— 1 Rm—1 




q 3 


P 

1 m 


Qm Rm 






Pm+1 


Qm+1 Rm+1 
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Therefore, we have simpler forms for A m , fj, m , and v m as follows: 



1 

1 — q — q 2 



Qm — l Rm— 1 
Qm Rm 



1 - q + q 3 + q 4 + q 2m + 2 Q m+1 R m+1 



7 3m+2 



(3.12) 



Pm-l 1 Rm-1 

P m 1-q-q 2 R m 

Pn+1 l-q + q 3 + q 4 + q 2m+2 R„ 



7 3m-f2 



Pm—1 Qm — l 
Pm Qm 



1 — q — q 2 



Qm+1 l-^ + Q 3 +^ 4 + g 2m+2 



1 3m+2 



According to (|3.9p and (|3.10[) , by setting 




A m + (9 + <7 2 )A m +i + 9 3 A m+ 2, 



and 



E„ 

Frn = Mm + (q + ^Mro+l + <7 3 Mm+2, 
G m = V m + (q + <7 2 K„+1 + 9 3 ^m+2, 



we have 



E 



q 



2n -\-2mn 



n=0 



{q 2 ;q 2 )n(-q;q)2n+i 



E 

n=0 



1 2n'+2mn 



(q 2 ;q 2 )n(-q;q)2n 



AmPoo ~t~ PmQoo ~t~ Q CmRoo i 



— Pm,Poo Pjn Q 00 Cr m R c 



In the following, we only present the calculation for Am = g m (A m + <7 2 A m +i). Others are similar. 
According to (|3.12p . using the same technique in the proof of (|3.1ip . we have 

A m = q rn (X m + ? 2 Am+i) 



1 

1-9 
1-q + q 2 + q 2rn+2 



Qm—l Rjn—l 

Qm Rm 
Qm+1 Rm+1 







q2m+2 





Qm-2 


Rm-2 


1 


Qm—l 


Rm-1 


- q 


Qm 


Rm 


q 2m-l 



Then we calculate A TO _i, A m -2, and A m -^. Letting the last two columns in the determinants of 
A m _i, 4 m _2, and A m _ 3 be the same as those of A m , we set A m = xA m _i + yA m _ 2 + z4 m _ 3 . Solve 
the equation, we get 



A m = -(1 + q 2m - 4 )A m ^ + q 2 A m - 2 + q 2 A 



m— 3 • 



Using (|3.12p and the initial conditions of P ni Q n , and R n , we have Aq = —q, A\ = q, and A 2 = —q. 
Following the same way, we calculate the recursions of B m , C m , E m , F m , and G m in turn. Then we 
obtain flU]) and (£0]). □ 



Notice that (|3.3p is a special case of (|3.ip . and (|3 . 5|) and (|3.7p are the special cases of (|3.2p 
Theorem 3.2. We have 
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2r, 



(1) 



E 



7 n +mn 



(9; <7 2 )™+i(<7;<?)r 



(9; 9)00 

( g 6 , g 8 ,g 14 ; g 14 ) 
(9; 9)oo 



fe?)c 



(3.13) 



where 



A m = (1 + <? m ~ 3 )A m _i + g _1 A TO _ 2 - g _1 A m _ 3 , A = q, \i = 0, A 2 = 1, 

Mm = (1 + q m ~ 3 )Hm~l + - f Vm-3, MO = 0, /il =1, fi 2 = 0, 

= (1 + q m ~ 3 )v m -l + g _1 ^m-2 - <7~ ^0 = 1, f 1 = 0, ^ 2 = 0. 



(2) 

^ q n2+mn WA r 

L - : = ^ ^ 



71=0 



(q;q 2 )n(q;q)r 

where 



( g 4 , g 10 , g 14 ;g 14 ) 
(q;q)oo 



(q 6 ,q 8 ,q 14 ;q 14 ) 

(q;q)oc 



'-G m , (3.14) 



E m = (1 + g™- 1 )^-! + 5 S m _ 2 - g£ 



m — 3: 



S = 0, E x = -q, E 2 = -q- q 2 



(1 + g m - 1 ) J F m _ 1 + gF m _ 2 - qF m _ 3 , F Q = 0, F x = 0, F 2 



-q, 



G m = (1 + g m - 1 )G m _ 1 + gG m _ 2 - gG 



m — 3 7 



G = 1, Gi = 1, G 2 = 1 + 



Proof. The identities A. 59, A. 60, and A. 61 in slater's list arc stated as follows. 
Identity A. 59 (Rogers [14]): 



E („■ 



q n^ + 2n (9 2 )g 12 i9 14. 9 14 )c 



(g;<? 2 )n+i(?;<?)r 



P„ = Pn-l + {q + q n )Pn-2 - qPn-3, P = 0, Pi = 1, P 2 = 1. 
Identity A.60 (Rogers [14]): 



E 



q n+n (? 4 ,<Z ll W 4 )c 



^ (?;£? 2 )n+i(g;Q')r» 



Q n = Qn-x + (q + q n )Q n -i - qQn-z, Qo = l, Qi = l, G2 = 1 + q + q 2 - 

Identity A.61 (Rogers [13]): 

00 n™ 2 (rfi «8 „14. „14\ 

g (q ,q ,q ,q )oc 

^ (q;q 2 )n(q;q) n (q;q)oo 

R n = R n -i + (q + q n )R n -2 - qRn-a, Ro = l, Ri = l + q, R 2 = l + q + q 2 ■ 



(3.15) 
(3.16) 

(3.17) 
(3.18) 

(3.19) 
(3.20) 



The polynomials P n , Q n , and R n converge to the right hand sides of (|3.15|) . (|3.17[) . and (|3.19[) . 
respectively. 



Consider the following determinant: 



F(z) := 



1 q + zq 
-1 1 



-q 

q + zq 2 
1 



q + zq" 



Expanding the determinant with respect to the first column, we get 

F{z) = F{zq) + {q + zq)F{zq 2 ) - qF{zq 3 ). 
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Setting 
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F(z) = Y,a n z n , 

n=0 



we get, upon comparing coefficients, 



a n = q n a n + q 2n+1 a n + q 2n V-l - q 3n+1 a n , 



„2n-l 



" (1 - g2n+l)( 1 _ q n) 

Since ao = we have 



o-n-i — ■ ■ ■ — 



q n (1 - q) 

(q;q 2 )n+i(q;q) n 



ao- 



^ (q;q 2 ) n+ i(q;q)n 



z". 



Thus we get 



00 ~n -\-mn 

y i 

^ (q;q 2 )n+i(q;q)n 



F(q m ), 



°° - ? n 2 +mn 

^ (q;q 2 )n(q;q) n 

On the other hand, F(z) is the limit of the finite determinant 

1 q + zq -q 



D n {z) :-- 



-1 1 q + zq 2 -q 



-1 1 g + zq"- 1 
-1 1 



(3.21) 
(3.22) 



Expanding this determinant with respect to the last row, we get 

D n {z) = D n ^{z) + (q + zq^Dn^z) - qD n _ 3 (z), 
Dq(z) = 1, D\{z) = 1, D 2 (z) = l + q + zq. 

Then we have 

D n _ m+1 (q m ) = D n _ m (q m ) + (q + q n )D n -m-l(q m ) - qD n _ m _ 2 (q m ). 
Since (D n _ m _|_i(g m )) n , (P n ) n , (<3n)n, and {R n )n satisfy the same recursion, we set 

P^n— m+li/1 ) — ^mPn ~t~ f^mQn Rn • 

Using the initial conditions D (q m ) = 1, L>i(<? m ) = 1, and D 2 (<? m ) = l + q + q m+1 , we have 

1 Qm — 1 Rm—1 

1 + 5 + g m+l Q m+i i?m+i 



Pm—1 Qm — 1 Rm—1 

Pm Qm Rm 

Pm+1 Qm+1 Rm+1 

Pm — 1 1 Rm — 1 

P 1 /? 

Pm+l l + q + q m+1 Rm+1 



Pm—1 Qm—1 Rm — 1 

Pm Qm Pm 

Pm+1 Qm+1 Rm+1 
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P$n — 1 Qrn—1 1 
Prn+l Qrn+1 l + q + q" l+1 



Pm-1 
P 

P, 



irn— 1 Rm—1 
m+1 Rm+l 



Qr, 



Qr 



= (— l) m_1 g m , 



where 

Pfn— 1 Qm — 1 Rm — 1 

Pyn Qm Rm 

Pm+1 Qm+1 Rm+1 

which can be proved by induction on m. Therefore, we have simpler forms for A m , /i m , and ^ m as 
follows: 

, (-l) r 



q m-i 

i-iy 

gm-1 

i-iy 



Qm-2 


Rm-2 


1 Qm—1 


Rm-1 


1 


Rm 





Rm-2 


Pm-1 1 


Rm-1 


1 


Rrn 



Pm-2 Qm-2 
Pm — 1 Qrn—1 1 



According to (f3T2l]) and ([3T22T) . by setting 





Pm 


Qm 


1 


P^m 


— Am 


Q^m+2, 




1 m 


— I^m 


q^m+2, 




G 7n 


= Vm ~ 


qVm+2, 





we have 



(„. 



{q;q 2 ) n +i(q;q)r 



Poo ~t~ (^mQoc H~~ ^m-Pc 



/ 7 o\ 7 \ — EmPoo H~~ PmQ oo ~h GniRoo- 

Letting the last two columns in the determinants of A m _i, A m _2, A m _3 be the same as those of A m , 
we find a linear equation 

A m = (1 + q" 1 3 )A,„-1 + q 1 A m _2 — q 1 \m-3- 

Using the initial conditions of P n , Q n , and R n , we have 

A = q, Ai = 0, A 2 = 1. 

Proceeding in the same way, we get the recursions of /i m , v m , E m , F m , and G m - Therefore, we obtain 
(j3T3l) and (l3~T!l . □ 



The identities (|3. 15[) and (|3. 1T[) are the special cases of (|3.13p . and the identity (|3.19[) is a special 

case of (prnr| . 

Theorem 3.3. We /icrae 
(1) 

» g n(n + 2m + l)/2 = g-r^g^ g 7. g 7) ^ (g 3 ; g ll . g 14 ^ (_ g . ^ ^ 



(q;g 2 )„+i(q;g) r 



2>s 
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| q- m (q, g 6 , g 7 ; g 7 )^ 5 , g 9 ; g 14 ) 00 (-g; q) a 

(g; q)oo 

| g- m (g 3 ,g 4 ,g 7 ;g 7 ) o(g,g 13 ;g 14 ) 00 (-g;g). 
(g;g)oo 



-B r , 



-C 



where 


















A 


= qA m -i - 


!-(?- 


hg m ~ 


_1 )^m-a 


- g 2 A m _3, 


A 


= 1, ^1 


= 0, A 2 = g, 


B m 


= g-Bm-l " 


!-(«- 


hg m ~ 


~ 1 )B m -2 


— g B m -3, 


So 


= 0, £1 


= 0, B 2 = -g, 




= gC m _i H 


-(<H 


-9 m " 


)Cm— 2 


— g C m _3, 


Co 


= 0, d 


= g, C 2 = 0. 



(2) 



E 



^n(n+2m+l)/2 

(g;g 2 )«(g;g)« 



+ 



(g 2 ,g 5 ,g 7 ;g 7 ) 0O (g 3 ,g 11 ;g 14 ) 0O (-g;g) c 

(a;g)oo 

(g,g 6 ,g 7 ;g 7 )oo(g 5 ,g 9 ;g 14 )oo(-g;g)c 



"-En 



(g;g)oo 

(g 3 , g 4 , g 7 ; g 7 )oo(g, g 13 ; g 14 )oo(-g; g) 



■F 

r 771 



(g;g)oo 

where 

E m = Em-\ + (g + g" 1 " 1 )^^ - g^ m -3, ^0 = 0, E X = 0, £ 2 = -g, 

F m = F ro _i + (g + g m_1 )F TO -2 - g-Fm-3, F = 1, Fi = 1, F 2 = 1 + g, 
G m = G m -i + (g + g ro_1 )G m _ 2 - gG m _ 3 , G = 0, Gi = -g, G 2 = -g. 

Proof. The identities A. 80, A. 81, and A. 82 are stated as follows. 
Identity A.80 (Rogers [14]): 



g »(n+l)/2 (g2) g 5 ; g 7. (? 7 )oo(g 3 j ?U; g 14 )oo( _ g . q)c 



n=0 



(g;g 2 )n+i(g;g)r 



(g;g)c 



P„ = (1 + g n )P„_l + gP„- 2 - gP„_ 3 , P = l, Pi = 1 + q, P 2 = 1 + 2g + g 2 + g 3 . 

Identity A.81 (Rogers [14]): 



y — 

(„■ 



g" (n+1)/2 _ (g,g 6 ,g 7 ;g 7 )oo(g 5 ,g 9 ;g 14 )oo(-g;g)c 



(g;g 2 )n(g;g)r 



(g; g)c 



Qn = (1 + g n )Q n -l + g<9n-2 - gQn-3, Qo = 1, Ql = 1 + g, Q 2 = 1 + g + g 2 + g 3 . 

Identity A.82 (Rogers [14]): 

x g" (n+3)/2 _ (g 3 ,g 4 ,g 7 ;g 7 ) 00 (g,g 13 ;g 14 )oo(-g;g)oo 



E 



(g;g 2 )„+i(g;g)„ 



(g;g)c 



R n = (1 + g")i?„-l + gi?„-2 - gi?„_ 3 , i?0 = 0, Rl = 1, i? 2 = 1 + g 2 



(3.23) 



(3.24) 



(3.25) 
(3.26) 

(3.27) 
(3.28) 

(3.29) 
(3.30) 



The polynomials P n , Q n , and R n converge to the right hand sides of (|3.25p , (|3.27p . and (|3.29[) , 
respectively. 



Consider the following determinant: 

1 + zq 



F{z) 



g -g 
1 1 + zg 2 g — g 
— 1 1 + zg 3 g 



-g • 
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Expanding the determinant with respect to the first column, we get 

F(z) = (1 + zq)F(zq) + qF{zq 2 ) - qF(zq 3 ). 

Setting 



F{z) = Y^a n z n , 



n=0 



we get, upon comparing coefficients, 



a n = q n a„ + q n a n _ 1 + q 2n+1 a n - q 3n+1 a n , 



On = 



(1 - gr 2 "+ 1 )(l - g") 



O-n-l 



g(" 2 +")/ 2 (l-g) 

(q;q 2 )n+i(q;q)n 



a . 



Since a = y^—, we have 



Thus we get 



F ^ = E 7^ 

n=0 



> 2 +n)/2 



z". 



qn(n+2m+l)/2 



E 

n=0 



(g;g 2 )„ + i (q;q) n 



F(q m ), 



00 n(n+2m+l)/2 

E 2W ^ = - ^(? m+2 )- 

On the other hand, F(z) is the limit of the finite determinant 



D n {z) := 



1 + zq q -q 
-1 l + zq 2 q 



-q 



-1 l + zq" 1 - 1 q 

-1 l + zq n 



Expanding this determinant with respect to the last row, we get 

D n (z) = (1 + zq n )D n ^(z) + qD n _ 2 (z) - qD n _ 3 (z), 
D (z) = 1, Dt(z) = l + zq, D 2 (z) = l + q + zq + zq 2 + z 2 q 3 . 

Then we have 

D n - m (q m ) = (1 + g n )D„- m -i(g m ) + qD n _ m _ 2 (q m ) - qD n _ m _ 3 (q m ). 
Since (D„_ m (g m )) n , {P n ) n , (Q n )n, and (i?„)„ satisfy the same recursion, we set 

F)n—m(q ) — ^mPn ~l~ l^rnQn ^mRn- 

Using the initial conditions L» (g m ) = 1, D^q" 1 ) = l+g m+1 , andL> 2 (g m ) = l+g+g m+1 +g m4 
we have 






Qm—1 


Rm-1 


1 


Qm 


Rm 


1 + q m+1 


Qm-\-l 


Rm+1 




Pm—1 


Qm — 1 


Rm-1 






P 


Qm 


Rm 






Pm+1 


Qm+1 


Rm+1 





:!() 
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Pm-1 





Rm-1 


P 

1 m 


1 


Rm 


Pm+1 


1 i „m+ 

l + q 


1 Rrn+1 




Prn — 1 


Qm — l 


Rm-1 






P 

1 m 


Qm 


Rm 






Pm+1 


tym+1 


Rm+1 




Pm-1 


Qm — l 





P 

J m 


Qm 


1 


Pm+1 


Qm+1 


1 + q m+1 




Pm-1 


Qm—l 


Rm-1 






P 


Qm 


Rm 






Pm+1 


Qm+1 


Rm+1 





where 



-Pjn— 1 
p 

± rn. 



Qm — l Rm — 1 



= {-l) m - 1 q m , 



Pm+1 Qm+1 Rm+1 

which can be proved by induction on m. Therefore, we have simpler forms for A m , /i m , and v m as 
follows: 

_ (_l)m 
Am ~~ q m-l 

_ (-l) m 
~ q m-l 

Vm ~ n m-l 



Qm-2 


Rm-2 


Qm-l 


Rm-1 




Rm 




Rm-2 





Rm-1 


Pm 1 


Rm 



Pm-2 Qm-2 
Pm — 1 Qm—l 
Pm Qm 1 



According to (|3.31|) and (|3.32p . by setting 

4 _ „m \ 
^m — y 'nn ) 

o n m . . 

D m — y H'mj 

(~i _ „m I; 

— y ^m; 



Em — A m — gA m +2, 

and { F m = fi m - qfl m +2, 

G m = V m — qV m +2, 



we have 



n(n+2m+l)/2 



{q;q 2 )n+i(q;q)n 

00 .n(n+2ro+l)/2 



^ (q; q 2 )n(q; q), 



q A m Poo + q B m Qoo + q CmRoo, 

EmPoo ~t~ PmQoo ~t~ GmRoo- 



Since 





Qm-2 


Rm-2 




a„ = (-ir 


Qm-l 


Rm-1 


) 




q Q m 


Rm 




by letting the last two columns in the determinants of A m . 


-1? An- 


2, and A m _ 3 



of A m , we find a linear equation 

A™ = yAn-i + (« + g m_1 )A m _ 2 - q 2 A m „ 3 
Using the initial conditions of P n , Q n , and R n , we have 

A = 1, Ai = 0, A 2 = g. 
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Proceeding in the same way, we get the recursions of B m , C m , E m , F m , and G m . Therefore, we obtain 

(533) and (EH- □ 

The identities (|3.25p and (|3.29p are the special cases of (|3.23[) , and (|3.27|) is a special case of (|3.24[) . 
Theorem 3.4. We have 

(1) 

y (-g;g 2 Wig" 2+2 '"" = g-'"(g 3 , g 11 , g 14 ; g 14 )oo(g 8 , g 20 ; g 28 )co(-g; g 2 )oo Am 
(g;g 2 Wi (q 2 ;q 2 )oo 

g -»(g,g 13 ,g 14 ;g 14 )oo(g 12 ,g 16 ;g 28 )oo(-g;g 2 )oo R 
+ (g 2 ;g 2 )oo 

q- m (q 5 , g 9 , g 14 i g U )oo(g 4 , g 24 ; g 28 )oo(-g; g 2 )oo ^ (3 g3) 



(g 2 ;g 2 )c 



where 





— An-1 " 


t-(g 2 - 


f- g 2m ~ 




- g 2 A m _ 3 , 


A 


= 1, 


Ai 


= 0, A 2 = 0, 


B m 


= -B m _i - 


Kg 2 - 


f- g 2m ~ 




— q 2 B m - 3 , 


Bo 


= 0, 


Si 


= 0, B 2 = -q, 


Cm 


— Cm— 1 H 


-(g 2 H 


-g 2m ~ 


4 )C m -2 


— g 2 C m -3, 


Co 


= g, 


Cl : 


= q, C 2 = g. 



(2) 



^ (-g;g 2 )»g" 2 + 2m " _ (g 3 ,g 11 ,g 14 ;g 14 )oo(g 8 ,g 20 ;g 28 )oo(-g;g 2 )oo 
£s (g;g 2 ) 2 „ (g 2 ;g 2 )oo 

(g, g 13 , g 14 ; g 14 )oo(g 12 , g 16 ; g 28 )oo(-g; g 2 )oo p 



(g 2 ;g 2 ) 



oo 



(g 2 ;g 2 ) 



(g 5 , g 9 , g 14 ; g 14 )oc(g 4 , g 24 ; g 2 8 )oo(-g;g 2 )oo Cm (3 34) 



E m 


= qE m -l - 


Ki- 


Vq 2m - 


A )E m -2 - 


- qE m -3, 


Eo — 1, -Ei : 


= 0, F 2 = 1, 


± ra 


= qF m -i 4 


-(n 


- g 2m - 




qE m -a, 


Fo - 0, Fi = 


1, F 2 = 0, 


G m 


= gG m _i - 


f (i- 


f g 2m 


4 )G m _2 


— gG m _3, 


Go = 0, Gi 


= 0, G 2 = -g 



Proof. We give the identities A. 117, A. 118, and A. 119 as follows. 
Identity A.117 (Slater [18]): 

^ (~g;g 2 )»g" 2 _ (g 3 ,g 11 ,g 14 ;g 14 )oo(g 8 ,g 20 ;g 28 )oo(-g;g 2 ) oo 

t Q foW)*. (g 2 ;g 2 )oo ' ^ 

Pn = (1 + g - g 2 + g 2 "- X )Pn-l + (g 3 + g 2 - g)F„_ 2 - g 3 P„-3, 

P = l, Pi = l + g, P 2 = l + g + g 2 + g 4 . (3.36) 

Identity A.118 (Slater [18]): 

~ (-g;g 2 )»g" 2 + 2 " (g,g 13 ,g 14 ;g 14 ) oo (g 12 ,g 16 ;g 28 ) 0O (-g;g 2 ) 0O 

£j (g 2 ;g 2 ) 2n (g 2 ;g 2 )oo ' [ ' 

Qn = (1 + g - g 2 + g 2 " _1 )Cj„-l + (g 3 + g 2 - g)Q„-2 - g 3 <3«-3, 

Qo = l, Qi = l, Q 2 = l + g 3 . (3.38) 
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Identity A.119 (Slater [18]): 

^ ( n- n 2 \ „n 2 +2n l n b „9 „14.„14^ I r A r M. n 2%\ I „. J2\ 

{-'!■ <1 h,+ \.q _ '•<! ■'.! -<J -'I >yJ ( ! -<i ■</ )x. {-q-q I- 

n=0 



(q 2 ;q 2 )2n+i 



(q 2 ;q 2 ) 



Rn = (l + q-q 2 + <7 2 "- 1 )i?„-i + (q 3 + q 2 - q)R n - 2 - q 3 R n -3, 
R =0, #1 = 1, R 2 = l + q + q 3 . 



(3.39) 



(3.40) 



The polynomials P n , Q n , and R n converge to the right hand sides of (|3.35p . (|3.37p . and (|3.39[) . 
respectively. 

Consider the following determinant: 

1 + q — q 2 + zq q 3 + q 2 — q —q 3 



F(z) :- 



-1 



1 + q — q z + zq A q 3 + q 2 — q 



1 + q — q z + zq 5 q 3 + q 2 — q —q 



Expanding the determinant with respect to the first column, we get 

F(z) = (l + q-q 2 + zq)F{zq 2 ) + (q 3 + q 2 - q)F(zq 4 ) - q 3 F(zq 6 ). 

Setting 

oo 

F(z) = 5>„z", 

71=0 



we get, upon comparing coefficients, 

J2n-1 



a,, 



-dn-1 — ' ' ' — 



q n (l-q)(l + q 2 ) 



(l- 9 2n )(1 _ (? 2„ + i )(1 + (? 2„ + 2 ) {q 2 ;q 2 )n(q;q 2 )n+i(-q 2 ;q 2 )n+i 
Since ao = jjzZqtfT+q*) ' usm S some calculations of the g-shifted factorial, we have 

(-q;q 2 ) n+1 q n2 



ao. 



(q 2 ;q 2 hn+l(l + q 2n + 2 



-z . 



Thus we get 



°° l — n- n 2 \ n n 2 +2mn 

E „1 = F (i 2m ) + q 2 F(q 2m+2 ), 



E 



n=0 
2\ n 2 +2mn 



{q\q 2 hn+i 



{-q;q ) n q 



(q;q 2 ) 



2)i 



= F{q 2m ) + {q 2 - q)F(q 2m + 2 ) ~ q 3 F(q 2m+i ) 



(3.41) 
(3.42) 



On the other hand, F(z) is the limit of the finite determinant 

„3 



D n (z) : = 



1 + q - q 2 + zq q 3 + q 2 — q —q" 

-1 l + q-q 2 +zq 3 q 3 + q 2 - q -q 3 



Expanding this determinant with respect to the last row, we get 

D n (z) = (l + q-q 2 + zq 2n - l )D n ^{z) + {q 3 + q 2 - q)D n - 2 (z) - q 3 D n _ z {z), 
D [z) = 1, Di{z) = 1 + q - q 2 + zq, 
D 2 (z) = 1 + q - q 3 + g 4 + zq + zq 2 + zq 4 - zq 5 + z 2 q i . 

Then we have 

D„- m (q 2m ) = (1 + q - q 2 + q 2n ~ 1 )D n - m - 1 (q 2m ) + (g 3 + q 2 — q)D„- m -2{q 2m ) - q 3 D„- m - 3 (q 2m ). 
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Since {D n _ m (q 2m )) n , {P n ) n , (Qn)n, and {R n )n satisfy the same recursion, we set 



33 



(q " l ) — A TO P„ + MmQn + V m R n . 



i(q 


2mj _ 


0, D a (q 


2m ) = 1, and L>i(<7 2 " 1 ) = 











Qrn—1 Rm — 1 






1 




Qm 


Rm 




1+9 


- q 2 + 


J2m+1 

q 


Qm+1 Rm+1 


= - 




Pm-l 


Qm — 1 


Rm-1 








P 

± m 


/ j 

*c m 


Rm 








Pm+1 


tym+1 


Rm+1 






Pn-l 





Rm-1 




P 

1 m 




1 




Rm 




P m +i 1 + q 


- q 2 + 


Jlm+1 td 

q -Km+l 






Pm— 1 


Qm — l 


Rm-1 








P 

1 m 


Qm 


Rm 








Pm+1 


Qm+1 


Rm+1 






P m,—l Qm — 


1 











Qm 




1 






-^"m+l Qm-\- 


1 1 + 


2 - q 2 + q 


2m +1 






Pm-l 


Qm—1 


Rm-1 








P 

J m 


Qm 


Rm 








Pm+1 


Qm+1 


Rm+1 




Pm-l 


Qm — 1 


Pm-l 






Pm 


Qm 


Rm 


= (-1)'" 


q 3 "\ 


Pm+1 


Qm+1 


Rm+1 







q — q 2 + q 2m+1 , we have 



where 



which can be proved by induction on m. Therefore, we have simpler forms for A m , fi m , and v m as 
follows: 



(-1)' 



q3m — 3 
q3m — 3 



Qm 


-2 Rm-2 


Qm 


-1 Rm-1 


1 Qm Rm 


Pm-2 


Rm-2 


Pm-l 


Rm-1 


P 

± m 


1 Rm 


Pm-2 


Qm-2 


Pm-l 


Qm-1 


P 

± m 


Qm 1 



According to (j51d]) and ([312]) . by setting 

A m = q m (^m + q 2 Kn+l), 
B m = q m (Hm + q 2 ^m+l), 

C m = q m {v rn + q 2 v m+ i), 



and 



Em = A m + (q 2 — q)X m +l — q 3 ^m+2, 

F m = Mm + (q 2 - q)Hm+l - q 3 Hm+2, 
G m = V m + (q 2 - q)v m +l - q 3 Vm+2, 



we have 



oo 



E 



{ /-,- r2\ r .n 2 +2mn 

y-q^q )n+iq 



(q;q 2 )2n-\ 



i 



n=0 

00 (_ n -„2\ n n 2 +2mn 

\ " q, q )nq 



n=0 



(q;q 2 ) 



— q m A m P oa + q m BjnQoQ + q m C m R 00 , 

— P"m Poo ~t~ Pm Qoo ~t~ G m Rqq . 



2n 
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N. S. S. GU AND H. PRODINGER 



A*n 



("I) 



m — 1 



.,2m— 2 



—1 qQm-2 qRm-2 

Qm-1 Rm-1 

1 Qm Rm 

by letting the last two columns in the determinants of A m -i, A m ^2, and A m _3 be the same as those 
of A m , we find a linear equation 

A m = A m —i + {q 2 + q 2m - A )A m - 2 - q 2 A m _ 3 . 

Using the initial conditions of P n , Q ni and R ni we have 

A = 1, A x = 0, A 2 = 0. 

Proceeding in the same way, we get the recursions of B m , C m , E m , F mi and G m . Therefore, we obtain 
(13331) and (l3~34l) . □ 

The identity (j3.39p is a special case of (|3.33p . and (|3.35p and (]3.37p are the special cases of (I3.34[) . 

Theorem 3.5. We have 



(1) 



y> (-iy(q;q 2 ) n q n2+2mn _ (-l)"V'"(- g 2 , -q\ q*; q^jq; g 2 )^ 

£j (-9;9 2 )« + i(« 4 ;'z 4 ) n (q 2 ;q 2 U 

{ _ l)mq - m{qW . qW)oo{q 2 . q 2 0)c 



(q;q 2 )oo(q 5 ;q 2Q )oo(q 4 ;q% 
(-^q^i-q^q 4 ^ 5 ^ 5 )^^ 2 ) 
(q 2 ;q 2 U 



"Or, 



(3.43) 



where 



A 

-^m 


= (1- 


h g 2m ~ 


- 4 )A m _! - 


Hi 2 - 


h g 2m ~ 


- 4 )A m _ 2 


- g 2 A m _ 3 , 


A 


= 1, A x = 


0, A 2 = 0, 


B m 


= (1- 


h q 2m ~ 


)B m -i - 


M<z 2 - 




)B m -2 


— q 2 B rn - 3 , 


Bo 


= -q, B x 


= -g, B 2 = -q, 


C m 


= (1- 


-q 2m - 


)C m -i - 




- 9 2m - 


4 )Cm-2 


— q 2 C m -3, 


Co 


= 0, Ci = 


0, C 2 = q. 



(2) 

OO 

E 



{-l) n {q-q 2 ) n q 



(-q;q 2 Uq 4 ;q 4 )r 



{-q ,-g 3 ,g 5 ;g 5 )oc(g;g 2 )c 
(<7 2 ;? 2 )oo 

(-q,-q 4 ,q 5 ;q 5 )°o(q;q 2 )oo 



-E n 



(q W ;q 10 U(q 20 ;q 20 ) 



'Fir 



( C2 ; g 2 ) co (g5 ;£2 20 )co((7 4. (7 4 )c 

Gm, (3.44) 



(<?W)oo 

£ m = -(q + <z 2m ~ 3 )£ m -i + (1 + q 2m - 4 )E m - 2 + qE m -3, Eo = 1, E l = 0, E 2 = 1, 
F m - -(« + q 2 ™- 3 )^™-! + (1 + g 2m - 4 ) J F 1 m - 2 + F m _ 3 , F = 0, F\ = 0, - 2 9j 



£ m = -(q + q )G m -i + (1 + q Zm - 4 )G m -2 + qG 



m— 3; 



Proof. The identity A. 21 in Slater's list is stated as follows. 
Identity A.21 (Slater [18]): 

(-!)"(?; q 2 )^" 2 _(-q 2 ,-q\qS;q 5 ) 00 (q;q 2 ) c 



E 



(-q;q 2 )n(q 4 ;q 4 )n 



(gW)c 



(3.45) 



Pn = (1 - q - q Z - q Zn - L )Pn-l + (q + q Z - q" + q 2n ~')P n -2 + q d P n -3, 
Po = 1, Pi = 1 - q, P 2 = 1 - q + 2q 2 + q 4 . 



(3.46) 



ONE-PARAMETER GENERALIZATIONS OF ROGERS-RAMANUJAN TYPE IDENTITIES 35 

Recently, McLaughlin et al. and Bowman et al. found two new Rogers- Ramanuj an type identities 
in [12] and [6], respectively. 

An identity (McLaughlin et al. [12, Eq. (2.5)]): 

y (-!)"(»; g 2 )„»" 2 + 2 " (g 10 ; g 10 )oo(g 20 ;g 20 )oo ,„ 4? , 

£s H7W 2 Wi(<? 4 ;<7 4 )n (9;9 2 )oo(<? 5 ;9 20 )oo(g 4 ;9 4 )oo' { ' 

An identity (Bowman et al. [6, Thm. 2.7]): 

- ( _ 1) n (g;g 2 )ng n'+2n (-q, -<f , <?; ^(q; q*)^ 

^ (-<?;g 2 M<z 4 ;9 4 )n (g 2 ;<z 2 )oo ' 1 ' ] 

We can see that (|3.47l) and (|3.48p are partners to (|3.45p . Therefore, we have 

Q n = (i - q - q 2 - ? 2n_1 )<9n-i + (<z + g 2 - g 3 + g 2n - 2 )Q„- 2 + g 3 Q„- 3 , 

Qo = 0, Qi = 1, Q 3 = 1 - « - g 3 , (3.49) 

i?„ = (1 - 9 - g 2 - g 2 "- 1 )^-! + ( 9 + 9 2 - 9 3 + q 2n - 2 )Rn-2 + q 3 Rn-3, 

Ro = 1, i?i = 1, R 2 = 1 - g 3 , (3.50) 

where P„, Q„, and i? n converge to the right hand sides of (|3.45|) . (13.47[) . and (|3.48[) . respectively. The 
initial conditions for Q n and R n are obtained in the following analysis. 

Now we consider the following determinant: 

1 - q - q 2 - zq q + q 2 - q 3 + zq 2 q 3 

— 1 1 — q — q 2 — zq 3 q + q 2 — q 3 + zq A q 3 

F(z) := -1 l-q-q 2 ~zq 5 q + q 2 - q 3 + zq 6 q 3 ■■■ 

Expanding the determinant with respect to the first column, we get 

F(z) = (1 - q - q 2 - zq)F(zq 2 ) + (q + q 2 - q 3 + zq 2 )F{zq 4 ) + q 3 F{zq 6 ). 

Setting 

oo 

F(z) = Y,a n z n , 

n=0 

we get, upon comparing coefficients, 

_ (1 _ g2n -l )g 2„-l (-l)»(g;g 2 )„g" 2 (l + g)(l + g 2 ) 



- a n-l ■■• / 9 \ (A A\ / -i i 9„^9\ fl 0- 



(l-^)(l + 5 2 »+ 1 )(l+g 2 «+ 2 ) n ~ l (-9;9 2 )„+i(? 4 ;g 4 ) n (l + 9 2 "+ 2 ) 

(-!)"(?; <7 2 )n<7 n2 



Since an = , m , ^ , we have 



FW ]^(-q;q 2 )n + l(q 4 ;q 4 Ul + q 2n+2 )~ ' 
Thus we get 

°° f— 1 W«- « 2 "l n n 2 +2mn 

E 7 TT M 4, = F (q 2m ) + q 2 F{q 2m + 2 \ (3.51) 
^ (-g;g 2 )«+i(g 4 ;g 4 )™ 

E 1 ,_ "4 4^ = ^(9 2m ) + (9 2 + 9)^(g 2m+2 ) + q 3 F(q 2m+i ). (3.52) 

n=o ^ q^q )n{q ,q )n 

On the other hand, F(z) is the limit of the finite determinant 
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Expanding this determinant with respect to the last row, we get 

D n (z) = {l-q-q 2 - zq^-^D^z) + (q + q 2 - q 3 + zq 2n - 2 )D n _ 2 {z) + q 3 D n „ 3 (z), 

.2 



D_i(«) = 0, D (z) = 1, Dx(z) = 1 - q - <f - zq. 



Then we have 



Now we calculate the initial conditions of Q n and R n in (|3.49|) and (|3.50p . According to (|3.51[) and 
(|3.52|) , we have 

Qoo=F(q 2 )+q 2 F{q i ), 

Roo = F(q 2 ) + (q 2 + q)F(q 4 ) + q 3 F(q 6 ). 

Due to lim D n _ m {q 2m ) = F(q 2m ), we have 

n — >-oc 

Q n = D n - 1 (q 2 )+q 2 D n - 2 {q i ), 

R n = D n ^(q 2 ) + (q 2 + q)D n _ 2 (q 4 ) + q 3 D n _ 3 (q 6 ). 

Qo = 0, Qx = l, Q 2 = l-q-q 3 ; 



Therefore, we get 



Ro = 1, Ri = 1, R 2 = 1 - q ■ 
Since (D n _ m (q 2m )) n , (P n ) n , {Qn)n, and (R n ) n satisfy the same recursion, we set 

Dn—m(q ) — A m -P n f-^mQn L'mRn- 

Using the initial conditions D_i(q 2m ) — 0, D (q 2m ) — 1, and Di(q 2m ) = 1 — q — q 2 — q 2m+1 , we have 

Qm-l Rm-l 

1 Qm Rm 
l-q-q 2 -q 2m+1 Q m + 1 R m+1 



A m — 



Pm — 1 Qm — 1 Rm — 1 

Pm Qm Rm 

Pm+1 Qm+1 Rm+1 

Pm-l Rm-l 

P 1 R 

1 m ± J ^m 

Pm + 1 l-q-q 2 -q 2m+1 R m +1 



Pfn — 1 Qm-l R in — 1 

Pm Qm Rm 

Pm+1 Q m+1 Rm+1 

Pm-l Qm-l 
Pm Qm 1 

Pm+1 Qm+1 l-q-q 2 -q 2m+1 



Pm — 1 Qm—1 Rm — 1 

Pm Qm Rm 

Pm+1 Qm+1 Rm+1 



where 



Pm — 1 Qm — 1 Rm — 1 

Pm Qm Rm 

Pm+1 Qm+1 Rm+1 



„3m-l 
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which can be proved by induction on m. Therefore, we have simpler forms for A m , fi m , and v m as 
follows: 



Q m 


-2 


Rm- 


-2 


Q m 


-1 


Rm - 


-1 


1 Q 


n 


Rm 


q3m- 


4(1 


+ q) 




Pra-2 





Rrn- 


2 


Pm-1 





Rm - 


-1 


P m 


1 


Rm 




q 3m- 


4(1 


+ q) 




Pm-2 


Qm-2 





Pm—1 


Qrn—l 





Pm 


Q 


rn 


1 


q3m- 


4(1 


+ Q) 





According to (f3~IT]) and (13~12)) . by setting 
A m = (-l) m q m (X m + q 2 X m+1 ), 



E m — X rn + {q 2 + q)X m +i + q 3 X m +2, 



we have 



E 



B m = {-l) m q m {p. m + q 2 ^ m +i), and < F m = pb m + (q 2 + q)n m +i + T^m+2, 
C m = {-l) m q m {v m + q 2 v m+ i) 1 { G rn = V m + (q 2 + q)v m +l + q 3 v m+2 , 

(-ff^P. + (-l)"V m i? m Qoo + {-l) m q- m C m R O0 



( r t - ^,2 \ ■n 2 -\-2mn 



E 



(-q;q ) n q 



2\ n +2mn 



{q;q 2 



>2, , 



Since 



Am 



-iy 



q 2m ' 3 (l + q) 



1 qQm-2 qP-m-2 

Qm—1 Pm—1 

1 Qm Pm 



we can find a linear equation 



A m = (1 + <Z 2m - 4 )A m -i + (I 2 + q 2m - 4 )A m - 2 - q 2 A m _ 3 . 
Using the initial conditions of P n , Q n , and R n , we have 

A = 1, A x = 0, A 2 = 0. 

Proceeding in the same way, we get the recursions of B mi C m , E mi F m , and G rn . Therefore, we obtain 
(l3~43l) and (l3~44ll . □ 

The identity (|3.47p is a special case of (|3.43p , and the identities Q3.45P and (|3.48|) are the special 
cases of (pT4"4"l) . 
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